A procedure to construct quadrature formulae which are exact for solutions of linear differential equations and are optimal in the sense of Sard is discussed. We give necessary and sufficient conditions under which such formulae do exist. Several formulae obtained by applying this method are considered and compared with well known formulae.
In [4] Ghizzetti and Ossicini consider the following general quad- Fixed the weight g(x), the nodes x,..., Xm and the operator E, in [4] a method to determine all the quadrature formulae of type (1.4) , which satisfy condition (1.5) , is given. In order to do that, consider which satisfy, respectively, the initial condition (1.6) h) (a) O, q(mh)(b) O, h--0,...,nand let l(X),..., m-l(X) be rn-arbitrary solutions of (1.6) .
By assuming in (1. Appropriately choosing the weight function g(x), the nodes x,..., Xm, the differential operator E and the functions q,...,m_ many of the known quadrature formulae can be found as particular cases (see [4, pp. 
80-147]).
Since (1.4) depends on (m-1)n free parameters, it is natural to try to determine these parameters in such a way quadrature formula (1.4) is optimal in some sense.
This problem has been investigated by many authors, see e.g. [1, 2, 5, 6, 8, 11, 12, 19, 20] . The first result of the present paper is that there is one and only one way ofmaking (1.4) 
for a fixed p: < p < n 1, and we investigate the existence and uniqueness of the best quadrature formula in the sense of Sard. This problem has already been discussed by several authors, mainly concerning the operator E-d"/dx" (see [11, [13] [14] [15] 18] and their references).
We remark that formula (1.9) is interesting in the applications, especially if we require only the knowledge of the function's values at given points.
In Theorem 2.111 we give necessary and sufficient conditions under which it is possible to make (1.9) optimal in Sard's sense. This theorem contains some previous results" ifp n and m > n, in [7] it has been proved that the optimal quadrature formula in Sard's sense can be written, in one and only one way, if the differential operator E has the property Win the sense ofPolya (see [5, 6, 10] ). In [17] , the author extends this result to the case of the operator E of type (1.3) We say that (1.4), (1.5) is "optimal" in the sense of Sard [11, 16] 
It is well known that such a polynomial has a positive minimum in n and, denoting by t? (i) (li),..., (i)) the solution ofthe following system of n linear equations
By choosing the constants {c i) } in (2.2) equal to {i)} we uniquely determine the functions pi(x), 1,..., m 1, solutions of (1.6) and, by means of (1.7) and (1.8), we uniquely determine a quadrature formula which is exact for the solutions of the equation E[u] =0. It is the "optimal" quadrature formula in the sense of Sard. functions {i}i---1 m--l, to avoid the presence of the derivatives of u(x) in the nodes and, at the same time, to "optimize" the quadrature formula.
Suppose that we have fixed a differential operator (1.3), the nodes (1.2) and the weight function g(x) in the interval [a, b] . Consider the quadrature formula (1.4), together with (1.7) and (1.8). Let us fix an integer <p < n-1. In [4] the authors give necessary and sufficient conditions in order to write a quadrature formula where the values u(h)(xi) of the derivatives of order higher than n-p-are dropped, that is a quadrature formula of the following kind" Compare the last formula with the trapezoidal rule with "end correction" (see [3, p. 105; 21, p. 103 680 (3.14) gives better estimates than (3.15) 768e2(e / 4) < 0.01543.
